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Abstract. We construct an algebra morphism from the elliptic 
quantum group _E r r) (sl 2 ) to a certain elliptic version of the "quan- 
tum loop groups in higher genus" studied by V. Rubtsov and the 
first author. This provides an embedding of £ Ti ^(s[ 2 ) in an algebra 
"with central extension" . In particular we construct L ± -operators 
C , obeying a dynamical version of the Reshetikhin-Semenov-Tian- 

Shansky relations. To do that, we construct the factorization of 
a certain twist of the quantum loop algebra, that automatically 
qq ' satisfies the "twisted cocycle eqaution" of O. Babelon, D. Bernard 

and E. Billey, and therefore provides a solution of the dynamical 
' Yang-Baxter equation. 

m 
o , 

£ — , Introduction. The aim of this paper is to compare the s [2- version 

of the elliptic quantum groups introduced by the second author (Hl4|) 
with quasi-Hopf algebras introduced by V. Rubtsov and the first au- 
cd thor (Jll], P^|). Elliptic quantum groups are presented by exchange 

q-i (or U RLL") relations, whereas the algebras of |11|] are "quantum loop 

algebras" . Our result can be viewed as an elliptic version of the re- 
sults of J. Ding and I. Frenkel (0]) and of S. Khoroshkin (^TJ), where 
Drinfeld's quantum current algebra (||) was shown to be isomorphic 
with the Reshetikhin-Semenov L-operator algebra of |22|, [R|, in the 
trigonometric and rational case respectively. 

Elliptic quantum groups are based on a matrix solution R(z, A) of 
the dynamical Yang-Baxter equation (YBE). Here "dynamical" means 
that in addition to the spectral parameter z (belonging to an elliptic 
curve E), R depends on a parameter A, which undergo certain shifts 
in the Yang-Baxter equation. The RLL relations defining the elliptic 
quantum groups E TjV (sl2) are then an algebraic variant of the dynamical 
YBE. 

In 0, O. Babelon, D. Bernard and E. Billey studied the relation 
beween the dynamical and quasi-Hopf Yang-Baxter equations. They 
showed that given a family of twists of a quasi-triangular Hopf alge- 
bra, satisfying a certain "twisted cocycle equation", the quasi-Hopf 
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YBE satisfied by the twisted i?-matrices was indeed equivalent to the 
dynamical YBE. 

The quantum loop algebras of [11| are generally associated with com- 
plex curves and rational differentials. As it was shown in |12|], they can 



be endowed with a quasi-Hopf structure, quantizing Drinfeld's "higher 
genus Manin pairs" ([0]). To precise which quantum loop algebra 
should be associated with elliptic quantum groups, we first make a 
quasi-classical study (section |1.1| ). The classical r-matrix r\(z,w) as- 
sociated with R(z—w, A) corresponds to what we may call a "dynamical 
Manin triple" , that is to a family Q\ of maximal isotropic complements 
of a fixed maximal isotropic subalgebra Qo in a Lie algebra q, endowed 
with a nondegenerate inner product. Here q is a double extension of 
the Lie algebra sl 2 © k, where k is the local field at the origin of the 
elliptic curve E of modulus r, q is a cocentral extension of sl 2 © O, 
where O is the local ring of E at the same point, and Q\ is an extension 
of the sum (n + © L\) ©(f)© L ) © (n_ © L-\), where L\ are the sets of 
expansions at the origin of E of functions on its universal cover with 
certain transformation properties. 

According to ||12|| , this Manin pair (q,Qo) defines quantum loop al- 
gebras UfiQo C UfiQ^r); UfrQ{j) is endowed with coproducts A and 
A, which are conjugated by a certain twist F. These algebras are pre- 
sented in section [L2] (analogous relations can be found in @). Our aim 
is to find a solution of the dynamical YBE in this algebra, quantizing 
r x (z,w). 

To do that, we will construct twisted cocycles (in the sense of ||). 
For that, we follow the method of 0. In that paper, we gave the 
construction of a Hopf algebra cocycle in the double Yangian algebra 
DY(sl 2 ), by factorizing the Yangian analogue Fy g of F as a product 
F Yg = F 2 F U with F 1 e A <0 © and F 2 e A^° © A <0 , with A^° 
and A <0 the subalgebras of DY(sl 2 ) generated by the nonnegative and 
negative Fourier modes of the quantum currents. 

This method does not apply directly here: we look for a family of 
twists (F^,F%). Moreover, we indeed have an analogue of A- , that is 
Undo, but no analogue of A <0 . Our idea is to construct subalgebras of 
the algebra of families of elements of U^^t)® 2 depending on A, which 
play the role of A <0 © A- and A- © A <0 , and to which F^ and 
F 2 should belong (section Q). The properties of these algebras A~ + 
and A + ~ are based on properties of relations between "half- currents" 
(generating series for elements of deformations of xi±®L±\ and n±®0), 
following from the vertex relations for Und{T) (sections |1.4| , |1.5|) . 

The decomposition F as a product F^F^ is carried out in section |. It 
imitates the similar decomposition in 0: applying certain projections 
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to the decomposition identity leads us to guess the values of F^' 2 . We 
then show that the decomposition identity is indeed satisfied. The 
proof uses Hopf algebra duality results of section |2|, and results on 
coproducts of section [L7|. 

Next we prove the the obtained that way indeed satisfies a twisted 
cocycle equation. For that, we introduce subalgebras of tZ^r)® 3 , anal- 
ogous to A^ <0 ® DY(sl 2 )® 3 and DY(si 2 )® 3 ® A^ <0 , and show that 
they contain images by A and A of the A + ~,A h (Props. |3.2|, fO). 



This shows that the ratio $a between the two sides of the twisted cocy- 
cle equation has a special form 1 <g> a, <E> h\ where h is the "Cartan 
element" of Uhq(t)). We then prove a "twisted pentagon equation" for 
$a (prop. |5.3|) , which in fact shows that it is equal to 1. 

After that we can apply the result of ||, and obtain a solution 1Z\ 
of the dynamical YBE in UnQ{j) m (Thm. We next study level 

zero representations of C/r0(t); this study was led in the general case 
in [11|. We obtain a family 7r^ of 2-dimensional evaluation modules 
(Prop. |7.1|) , indexed by a point ( of the formal neighborhood of the 
origin in E; we compute the image of 7Z\ by these representations, and 
find an answer closely connected to R(z, A). This enables us to prove 
that the L-operators (tc^1)(TZ\) and (1<E>7t^)(72.a) satisfy the following 
dynamical version of the Reshetikhin-Semenov-Tian-Shansky relations 
(Thm. [71]): 

^(C-0)^ fcW (C)^ 



L- (1 \0R-(C-C,X-lh)Lt {2 \C 

= L + ™ (C)R-(C - C + A " • A) / "I 1 ;' , : ( , ) 



where i? ± (^, A) are elliptic /^-matrices and A is a certain elliptic version 
of the usual ratio of gamma-functions. These relations extend the RLL- 
relations of the elliptic quantum group, which we recover in Thm. |9.1| . 
Let us now say some words about problems connected to the present 



work. In [14, 15], quantum Knizhnik-Zamolodchikov-Bernard equa- 
tions were defined as difference equations involving the dynamical R- 
matrix R(z, A). It would be interesting to derive these equations from 
considerations involving coinvariants of L^g(r)-modules. This may also 
shed light on the question what the equation for dependence in the 
moduli should be in the quantum situation. There is some indication 
that this equation is the Ruijsenaars-Schneiders (RS) equation at the 
critical level. At that level, one may apply the Reshetikhin-Semenov 
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method for expressing elements of the center of ^g(r), and then ex- 
plicitly compute their actions on coinvariant spaces. Recent work of 
A. Varchenko and the second author leads to the impression that the 
situation is more complicated outside the critical level. It might be 
interesting to connect such an approach to the RS models with those 

of 0,0- 

Finally, it would be interesting to find an analogue of the theory 
developed in the present work, for the situations of higher genus ([|TT|j). 
Recall that the classical r-matrices underlying the elliptic quantum 
groups are dynamical r-matrices for the Hitchin system associated with 
an elliptic curves. Dynamical r-matrices for Hitchin systems in higher 



genus have been introduced in |L8, M. In this respect, it seems that a 



dynamical version of the Poisson-Lie theory would be of interest. 
Let us also mention here the work |20| , where a dynamical approach 



to other " elliptic quantum groups" (those of is presented. 

This work was done during our stay at the "Semestre systemes 
integrables" organized at the Centre Emile Borel, Paris, UMS 839, 
CNRS/UPMC. We would like to express our thanks to its organizers 
for their invitation to this very stimulating meeting. We also would like 
to acknowledge discussions with O. Babelon, D. Bernard, C. Fronsdal, 
V. Rubtsov and A. Varchenko on the subject of this work. 

1. Quantum loop algebras associated with elliptic curves 



1.1. The classical situation. In [12|, we constructed quasi-Hopf al 



gebras, associated to the general data of a Frobenius algebra, a maximal 
isotropic subalgebra of it, and an invariant derivation. An example of 
such data is the following. 

Let us fix a complex number r, with Im(r) > 0. Let L C C be the 
lattice Z + rZ; call E the elliptic curve C/L. Let z be the coordinate 
on C, and let to be the differential form on E, equal to dz. Let k = 
C((z)) be the completed local field of E at its origin 0, and O = C[[z]] 
the completed local ring at the same point. Endow k with the scalar 
product (, )k defined by 

(f,g)k = ^so(fgu). 

Define on k the derivation d to be equal to d/dz. Then d is invariant 
w.r.t (,)k, and O is a maximal isotropic subring of k. 

Let us set a = s[ 2 (C), and denote by (, ) a an invariant scalar product 
on a. Let us set g = (a © k) © CD © CK; let us define on q the Lie 
algebra stucture defined by the central extension of a © k 

c(x ®f,y®g) = (x, y) a (f, dg) k K 
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and by the derivation [D, x © /] = x © df. 

Let Qo be the Lie subalgebra of g equal to (a©0)©CL>. Define (, ) a ®k 
as the tensor product of (, ) and (, )&, and (, ) s as the scalar product 
on g defined by (, ) s | a0fc = (, ) aSlk , (D, a © fc) B = (if, a © fc) fl = 0, and 
(D, if) fl = 1. Then go is a maximal isotropic Lie subalgebra of g. 

To define maximal isotropic supplementaries of go m ; we first 
define certain subspaces of k. 

For A G C, define L A as follows. If A does not belong to L, define 
L\ to be the set of expansions near of all holomorphic functions on 
C — L, 1-periodic and such that f(z+r) = e~ 2l7TX f(z). For A = 0, define 
L\ as the maximal isotropic subspace of k containing all holomorphic 
functions / on C—L, L-periodic, such that § a f(z)dz = 0, where a is the 
cycle (ie, ze + 1) (with e small and > 0). Finally, define L\ = e~ 2l7Tmz Lo 
for A = n + mr. 

Let 9 be the holomorphic function defined on C by the conditions 
that 9'(0) = 1, the only zeroes of 9 are the points of L, 8(z+l) = —9(z), 
and 9(z + r) = -e~ i7TT e- 2i7TZ 9(z). 9 is then odd. 

We then have 

fQ'\ (j) 

^A = ©i>oC(- e~ 2l ™ z , if X = n + mr, (1) 



L x = ® l > c(^-y^ i \ if AG C-L, (2) 

where for / G k, we let /' = df and /W = d l f . 

Moreover, the orthogonal of L\ for the scalar product (, )* is equal 
to L_ A . 

Consider now the decomposition 

g = ge>©gA, (3) 

where 

g A = (fj ® L ) © (n+ ® L A ) © (n_ © L_ A ) © CK. (4) 

go is a maximal isotropic subalgebra of g, and g A is a maximal isotropic 
subspace of it. Therefore, (|^) defines a Lie quasi-bialgebra structure 
on go, and (as in fll2"[|), of double Lie quasi-bialgebra on g. Its classical 
r-matrix is given by the formula 

r x = + \KA a %*;o] + e[e 4 ] A /[e i;A ] + f[e 1 } A e[e i; _ A ], 
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for (e*)i>Q, (e^\)i>Q dual bases of O and L\, with the valuation of e* 
tending to infinity with i, and we denote x <E> / by x [/] ; in other terms, 

r x {z, w) = -{h®h)-(z-w) + {e® /)-) — — ( + (/ ® e N 



2 V '0 V 7 v J/ #(,2-w)#(A) w '9{z-u)9{- 

this formula (without D cg> if) coincides with that of the classical r- 
matrix arising in the elliptic versions of the KZB equations (see |[L7| ) 



and of the Hitchin system (see [10]) 



Remark 1. (9 plays the role of the ring i?, in the notation of [12 



1.2. Relations for Uhq(t). The quasi-Hopf algebra associated in [12 
to the Lie quasi-bialgebras g and go, are twists of the Hopf algebra 
(U}iQ(t),A) and of its subalgebra U^Qoij), that we now present. We 
will sometimes denote U%q{t) by A(r) or simply by A, and UnQo by 
A+. 

Let ^ be a formal parameter. Generators of £7^0 (r) are D, K and 
the x[e], x = e, /, /i, e G fc; they are subject to the relations 

x[ae] = ax[e], x[e + e') = x[e] + x[e'), a G C, e, e' G fc. 

They serve to define the generating series 

=^2 x [ e %i z ), x = e,f,h, 

( e% )i&i dual bases of k; recall that (e*)^, (ej ; o)iGN ar e dual bases 

of (9 and L and set 

We will also use the series 

K + (z) = e (2 T ft+ )W, K~(z) = q h ~ {z \ 
where q = e h . The relations presenting UhQ(r) are then 

[K + (z),K + (w)] = [K-(z),K-(w)]=0, (6) 

9(z-w- H)9(z -w + h + HK)K + (z)K-(w) (7) 
= 9(z - w + h)9(z -w-h+ HK)K-(w)K + (z), 

K+{z)e{w)K+{z)-' = If ~ W + % (w) (8) 

9{z — w — n) 
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K (z)e(w)K (z) = 0{w _ 2 + hK _ h) eH, 0) 

*+(*)/(«,)*+(*) = __^ /( w ),jr (z)f(w)K (z) = d{z _ w _ h) fW, 

9(z — w — ft)e(z)e(u;) = #(2: — w + h)e(w)e(z), (11) 
0(u; - z - h)f(z)f(w) = 6{w-z + h)f(w)f(z), (12) 

[e( z ), f(w)} = \ (5(z, w)K + (z) - S(z, w - hK)K-(w)- 1 ) . 

h (13) 

Let us introduce the generating series k + (z) and fc - ^)) defined by 

k + (z) = e (4^ + )M k~(z) = q { ^ h ' )iz) ; (14) 
they satisfy the relations 

K + {z) = k + {z)k + {z - h), K~{z) =k-{z)k~{z-h). (15) 
Equations (8), (9) and flT^) may be replaced by 



k + (z)e{w)k + {zY l = d{ \. W \ h) e(w), (16) 

&{z — w) 

and 

fc+^/M^)- 1 = J iW ~ Z \j M, k-(z)f(w)k-(z)- 1 = 9iZ ~ W \ h) f(w); 

U[w — z — n) U{z — w) 

moreover, we will have 

= 1, (k + (z), k~(w)) = f K (z - w), (18) 

where we use the group commutator notation (x, y) = xyx~ l y~ l and 
/k-(C) is the formal series of 1 + /lC[[£]] [[/i]] defined by the functional 
equation 

f (Of <c n\ Q(C + K) J(( + h+hK) 

MOMC - h) - . 0{c + hK) , (19) 

if K = —2p, with p integer, we have 

Mc) = miH<-(2* + mf ■ (20) 
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The algebra C^fl(r) is endowed with a Hopf structure given by the 
coproduct A defined by 

A(k + (z)) = k + (z) ® k + (z), A(K~(z)) = K~(z) ® K~(z + fcKi), 

(21) 

A(e(z)) =e(z)(g)K + (z) + l®e(z), (22) 
A(/(z)) = f(z) <g> 1 + liT (z)- 1 (8) /(* + fttfi), (23) 

A(D) = D®1 + 1®D, A(it) = ® 1 + 1 <g> AT, (24) 

the counit e, and the antipode S defined by them; we set K\ = K ® 
1,K 2 = 1®K. 

Uhq(t) is also endowed with another Hopf structure given by the 
coproduct A defined by 

A(k + (z)) = k + (z) ® k + (z), A(K~(z)) = K~{z) ® K~{z + hK x ), 

(25) 

A(e(z)) = e(z - hK 2 ) ® JT(z - fr^)" 1 + 1 ® e(z), (26) 
A(f(z)) = f(z) ® 1 + AT+(z) ® /(*), (27) 

A(D) = D ® 1 + 1 ® £>, A(iT) = K ® 1 + 1 ® AT, (28) 

the counit e, and the antipode S defined by them. 

The Hopf structures associated with A and A are connected by a 
twist 



F = exp hJ2 e i® ei 



(29) 



where (e*) e z is the basis of k dual to (e^igz w.r.t. (, ) fc ; that is, we have 
A = Ad(F) o A. 

Then F satisfies the cocycle equation 

(F®1)(A® 1)(F) = (1®F)(1® A)(F) (30) 

H, Prop. 3.1). 



sec 



Remark 2. In the notation of ||12| , 8.2, we have 

. 8(z — w + h) 

V( z > w ) = T( £v 

c/(z — w — n) 

and cr(z) = z — fiK. We also have the relation 

[/>+(,), /i"(tw)] = i (|(* _ «,) - ^ - w + Wf) 
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1.3. Completions. The algebras and vector spaces introduced above 
possess natural topologies: the field k and the ring O are given the 
formal series topology; on the other hand, the spaces L\ are given the 
discrete topology. For V, W two topological vector spaces, with basis 
of neighborhoods of the origin (K)oez and (W b ) beZ , define V®W as 
the inverse limit of the V © W/V a <g> W b) and V®W as the inverse limit 
of the (V © W0/(K © W + V © W b ). 

Define then the completed tensor algebra T \V) of V as the direct 
sum ©i>o^®*- Then f/^g(r) is viewed as a quotient of T "(g), and 
is endowed with the corresponding topology. U^Qo is then a closed 
subspace of C/^g(r). On the other hand, the fields x(z) belong to the 
completed tensor product UfiQ(r)®)k. The coproduct A maps ?7^g(r) 
to the completion of its tensor square defined as the suitable quotient 
of T \q © g) . In the sequel we will consider tensor product of subspaces 
of UnQ{r) to be completed w.r.t. the topology of T"(g©g), T"(g©g©g), 
etc. 

1.4. Relations for half-currents. Fix a complex number A and set 

for x = e, /, K + , 

xi(z) = J2*le%-Az), (31) 

i 

and for x — e, /, K~ , 

recall that (e l ), (e^) are dual bases of O and L\. 
The fields e(z) and f(z) are then split according to 

e(z)=e$(z) + e- x (z), f(z) = fl x (z)+fl x {z) ] (33) 

we call the expression x x (z) "half-currents". In the above equality, we 
made use of the continuous inclusions of UnQo®L\ and of UnQ®0 into 

For x = e, /, we have x x (z) G UnQ{r)®0, so that x _ (z) can be 
viewed as a formal series in z, regular at 0, and x x (z) G UnQ{r)®L\, 
so that x x (z) can be viewed as a function of z, satisfying 

xt(z + l)=xt(z), x + x (z + r) = e~ 2 ^x + x (z). (34) 



We then have: 
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Proposition 1.1. The generating series e^(z), f^(z) satisfy the fol- 
lowing relations: 

9(z — w — h) , ,9(w — z — AW— h) , , . j . . . . 

Biz-v) + " V^-^)^(-A) eUHeUH (35) 

fl(s- w + ft) , ^_ w _ A )g(-ft) 

9(z — w + h) „ c , . „j . . ,#(tu — z — X)9(h) , . „/ . . . . 

V-u.) + ^ X) V ,m^,w (36) 

0(z-w- h) , , 6{z - w - \)9{h) 

= 9{z _ w) h-nWh+nW + ee Q{z _ w)e{ _ x) /a-»(*)/a + »(*), 

where e,e' take the values +,—. In these relations, the expressions of 
the form j^(f'(z,w)x+(z)-f"(z,w)xl(w)), resp. ^(f(z,w)x^(z)- 
f"(z,w)x^(w)), where f',f" are formal series in z,w coinciding for 
z = w, and x = e, f, K + , should be understood as the sums 

^— f z — w ' z — w 

which belong to Ung(r) <S> (k <S> k). 

Proof. Let us show relation (35) in the case e — e' — +. Let us 
denote by Z ++ (z, w) the difference of the left and right hand sides of 
this equation, and by £ any continuous linear form on A(t). Clearly, 
£(Z ++ (z,w)) belongs to L\ <g> L\ (recall that 4 e « e i] * s equal to zero 
when i or j are large enough), and is antisymmetric. (We attach 
coordinates z,w to the first and second factor of the tensor prod- 
uct.) On the other hand, the difference of £{9{z — w)Z ++ (z,w)) and 
of £(9(z — w — h)e(z)e(w) — 9{z — w + h)e(w)e(z)) can be expressed 
as a sum of quadratic monomials in the e^ ±h (z, w) using at least one 
e^ ±h (z, w), and therefore belongs to k®0 + 0®k. Therefore, the same 
is true for (z — w)£(Z ++ (z, w)). Let us set (z — w)Z ++ (z, w) — Y± + Y 2 , 
with Yi G k®0, Y 2 G 0®k. Let us denote by a tilde the exchange of 
arguments z and w, and set Y — (Yi + Y 2 )/2. We have Y G k®0 and 

(z-w)£(Z ++ (z,w)) =Y + Y. 

Set now Z = y^z^ 1 ^; since Y belongs to k®0 = k[[w\\, so 
does Z. Since we have 

(z - w) [£(Z ++ (z, w))-Z + Z}=0, 

it follows that for some / in k, we have 

£(Z ++ (z, w))-Z + Z = f(z)5(z, w). (37) 
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Consider both sides of (^) as the kernel of some operator, defined by 
(Tf )(z) = reso(fo(z)S(z,w)dw). Since the l.h.s. of fl37|) is antisym- 
metric in z and w, this operator should be antisymmetric, i.e. satisfy 
(Tf ,g ) k + (fo,Tg ) k = 0, for f ,g G k. On the other hand, T co- 
incides with the multiplication operator by /. It follows that / = 0. 
Therefore £(Z ++ (z,w)) = Z — Z. Since the left and right hand sides 
of this equality belongs to L\ <g) L\ and to 0®k + k®0 respectively, 
£(Z ++ (z, w)) = 0. This proves (35) in the case where e = e' = +. 
Let us now show (35) in the case where e = e' = — . Let us denote by 

Z (z, w) the difference of the left and right hand sides of this equation. 

Clearly, £{Z (z,w)) belongs to (0(g>0)[[/l]], and is antisymmetric. On 

the other hand, the difference of Q{z — w)£(Z (z, w)) with £(6{z — w — 

h)e(z)e(w) —9(z — w + ti)e(w)e(z)) belongs to J r x ,* + ^F*,x, where J^x,* is 
the subspace of Hol(C — L)((w)) formed by the functions f(z,w) such 
that 

f(z + 1,W) = f(z, W), f(z + T,W) = - e -^ e -2inX e -2i,( Z - W ) f ^ ^ 

any JF^ A is the subspace of Hol(C — L)((z)) formed by the functions 
g(z, w) such that 

g(z, w + l)= g(z, w), g(z, w + r) = -e^ T e^e- 2 ™^ g(z, w); 

here Hol(C — L) is the space of holomorphic functions defined on C — L. 
Set 9{z - w)£(Z__(z, w)) = Y{ + with Y[ e F x ,* and Y 2 e ^ Set 

Y' = (Y( + F 2 ')/2. We have Y' G ^ and 

6(z - w)£(Z ++ (z, w)) —Y' + Y'. 

Set now 

z'=Y'j2(d-r\z)tpi ; 

i>0 

then Z' belongs to Hol(C — L)((w)), and we have as before 
£(Z^(z,w)) = Z' - Z' + f'(z)6(z,w), 

for some /' G k. The same reasoning as above shows that /' = and 
then that £(Z__(z,w)) = 0. 

Let us now prove (35) in the case where e = +,e' = — . Let us 
denote by Z + _(z, w) the difference of the left and right hand sides of 
this equality. Let us substract from (|TTJ) , the sum of equalities (35) with 
e = e' = + and e — e' — —. We obtain that Z + _(z, w) + Z + _(w, z) = 0. 
Therefore Z + _(z, w) is antisymmetric in z and w. On the other hand, 
we have for any linear functional £ on A(t), £(Z + ^(z,w)) G L\®0. 
Since the intersection of L\ and O is zero, Z + _(z, w) is equal to zero. 
Therefore (35) is valid in the case e = +, e' = — . 
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The case e = — , e' = + is obtained from e = +, e' = — , by exchanging 
z and w. 

Relations (36) can be obtained in a similar way. □ 

Let us define Uf^n+ij) and £/frn_(r) as the subalgebras of A(t) gen- 
erated by the e[e], e G and the f[e],e G A;. 



Let us denote by U+\t), resp. U+\t) the subalgebras of t/^n±( 



generated by the e[r],r G O, resp. /[r],r G (9. 

For fi G C — L, and x = e, /, /i, denote by x~[e] the element x[p^^(e)], 
where is the projection on L_ M parallel to O. For /3 G C, define 

also VtW e ] as Eeo^H/VW/' 1 ' 

Let us denote by C/|_(r), t^_(r) the subspaces of t/^n±(r) linearly 
spanned by the products eI A+2nft [?7o] • • •e~ A [ry n ], resp. by the products 
fxlVo] ■ ■ ■ fx+2nM, n > 0, rji G k. 

Let (ej)j 6 2 be a basis of such that £j = e l for i > 0. We can now 
formulate a Poincare-Birkhoff-Witt result for C/^tl±(r). 

Proposition 1.2. Bases of U+\t) and of U+\t) are respectively 

given by the monomials (e[e»J . . . e[e ip })o< h <...<i p and (f[e h ] . . . /[eiJ)o<ii<-<v' 

frases ofU%_{f) and u[ f) _{r) are respectively given by the (e: A+2nft [e io ] • ■ ■ e~Je in ]) io <...< iB< o, 

resp. by the (/ A [ej . . . fx + 2nh[ e in])i <-<i n <o- 

2) The maps U^_(r) ® U { + e) -> C^n+(r), £/j e) <g> U%l(r) -> Z7 R n+(r), 

E/j^(r) <g> C/j /) -> ^n-(r), E/^ ® £/j^(r) -> £/ B n_(r), induced by the 
multiplication, define vector spaces isomorphisms. 

Proof. We should first derive identities expressing the e[ej]e[e 3 -],i > 
j in terms of combinations of the e[efc]e[ej], k < I, for i,j,k,l > 0; 
the e-x+2h[u]e-\[ej],i > j in terms of the e-x+2h[^k)e-x[ei),k < I, for 
i,j,k,l < 0; the e_A[ej]e[ej], i < < j in terms of the e[efc]e_A[ej], I < 
< k, and the e[ej]e_A[ej], j < < i in terms of the e_A[ejfc]e[ej], < 
< /. For this, we may first assume that = z l . Then we multiply 
(35) by z — w and combine the Fourier coefficients as in [E^l, sect. 4. 
This proves that the families of 1) generate and U^_, and that the 
two first maps of 2) are surjective. 

The facts that these families are free, and that these maps are injec- 



tive, follow from JT2j, Lemma 4.4. □ 



Remark 3. An informal way to derive (35) is the following one. For 
example, if e = e' = +, we have 

AOdC, e x (z)=(p — w ^ e(()d(, 

(38) 



In- d(C ~ z)0{-\) ^ Jc . z 0{C - Z)0{-X) 
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C 0)Z , resp. Cq being a contour encircling and z (resp. 0) counter- 
clockwise (resp. clockwise), and 

AM " i M - £ _ f^/KK. 

Multiply the identity 

by e(c-I)e7-A) ep=iw=A) » and inte g rate il; over the c y cles C o for C, and 
Cq~ for where C' Q ~ is a deformation of Cq, such that |£| < |C'|- 111 
the resulting identity, replace in the l.h.s., e(Q by e x+h (() +e^ +h (() and 
in the r.h.s. by e~l_ n (() + e^_ h ((')- The contributions to the integral of 
the terms in e~ vanish, because these terms are regular at 0. We then 
obtain 

e(C'-w-\) e(z-C-h) 



6(C - z - \)6(-h) {C)eiC)}dC , 



9(C-w-X) 9(z-(' + h) 
c ,-9(('-w)9(-X) { 9(z-(>) e ^> e *-*W 

9((>-z-X)9(H) 



that is 



9{z-w-x)9{h) e{z-w-h) 

exuiWi 9(z-w)9(-X) e ^ [Z)+ 9{z-w) e ^ W)) 1 



{ 9{z - w - x)9(-h) e{ z -w + h) 

i 9{z-w)9{-X) e ^ Z)+ 9{z-w) e ^w)}e x _ h {z) 
9(C-z-X) 9(C-w-X) 



Specializing ( [TTD for £ = we find e(£') 2 = 0. Therefore 

et +n (C')e(C) + e(C')etn(0 = 4 + n(C)etn(0 ~ WC'K-a(0- 

The contribution of the terms in e~ to the the r.h.s. of (40) is zero, 
since these terms are regular at 0, and the contribution of the terms in 
e + is evaluated by the residues formula. 

(Note that this method apparently cannot be adapted to derive re- 
lations between e\(z) and ej(w) when A ^ A' ± 2h, because then the 
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term in e + in the r.h.s. of (40) would no longer be a meromorphic 
function on E.) 

As we will see from Thm. pM| , it is also possible to derive relations 
between fields k^{z) and ef(w ), f^(w); for example, we have 

*+ W e+ W *+ W -> = 9{Z - W+ , h) e t+t ( W ) - g£pLzm U ,), 

6/(2; — w) ^ 0(z — w)0(—X) (41) 

etc. □ 

1.5. Shifts in h. In what follows, we will simply denote h[l] by h. We 
will also use the following notation. Let us define in each tensor power 
A® n , a® as the element l®^" 1 ) ® a ® for a e A, and for /3 G C, 

t - ^ M a*; V 

If n = 1, let us denote also x ~j^p h {V) [ e ] simply by 2^4.^ [e]- Let us 



also set for e = + 



5 j 



f-L I / Lj^-f I t> \ / 

we have then 



x(z) — X^ +h/3h (z) + X^ +h/3h (z), X^ +hj3h (z) — X u+h0h [ e K'O 2 ) 



Lemma 1.1. VFe /iai>e £/ie relations 

6(z - w + h) Pf , . ,6(w — z — X — hh — 3h)9(H) , e > . . ,,/ , . 



(42) 



_ fl(z-w-A-ftfe-3ft)fl(ft) 

where e,e' take the values + and — . 
Proof. The identity 

5>(A)(0/0A)» (/a(^i)/a (**)) ^ 



n>0 



p,g,r>0 ' ' ^' ^' 

implies that 

£ 0(A)^( 2i )/a> 2 )^ = 0(A + + mx + m + n(^)fx + m + H(^). 

n>0 

(42) then follows from (36), after the change of A into A — h. □ 
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In what follows we will use the notation 

7 = -h] 

as we will see, 7 is connected to the r\ of elliptic quantum groups by 
the relation 7 = 2r\. 



1.6. Properties of K + (z). Since 

9' 
1 



h+{z) = -{z)h+\l} + Y. h+ ^V{zl 

i>0 



where the e* are elliptic functions, we have 
with e- again elliptic functions. Therefore, 

here ( g^^ ) is defined as exp ^| In ^~y ) , where the argument of 
the exponential is considered as a formal power series in 7, and we 
define p by p = — <9 2 (m#). 

Remark 4. (pE3|) implies that K + (z) has the properties 

K + (z + 1) = K + (z) , {z + t) = e - 2inhh K + (z) ; (44) 
informally, we can write 

K + {z)=K+ lh {z). 

□ 

1.7. Properties of the coproducts. 

Lemma 1.2. Let us fix X G C — L. For e E k, we have 

A(eI A [e]) = E e :i+ 7 ^)N(1 ® «aW) + eli 2) [e], (45) 

and 



iez »>o ' (46) 

where a\ are linear maps from k to the subalgebra Uft\) + (r) of A(r), 
generated by the h + [r], r G O, depending holomorphically on X G C — L. 
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Proof. We have A(e(z)) = e(z) <g> K + (z) + 1 <g) e(2;), so that 
A(eI A [ e D = (e(z) (8) p^(e))* + 1 <g> eI A [e]. 

By (0), we have 

(e(z)®ir + (,),p A -( e )) fc = (e(z)® (|^y) V2 Ep W W«^AW) fe - 
Note now that the map associating to e G k, the series 



\9(* + -r)J h 



j>0 



is a linear map from k to L,\[[ 7 /i]]. Therefore 

h/2 — {-ihY&A x {e) 



WW)) Me)= £ 



i>0 

and 

(e(z)®K + (z),p- x (e)) k = £ e« +7 , (2) [p«U A (e)](l ® a,). 

i>0 

(|45|) follows, if we set a\(e) = X^o^^^e), p l }aj, where {pP)j>o is 
the dual basis to (ej)j>o- 

fl46f) then follows directly from fl45|) . □ 

Lemma 1.3. There exists a family of linear maps (&i)i>o /rom (9 to 
i/ie subalgebra Unfair) of A(r) generated by the h[e],e G fc, and K, such 
that 

A(f[r}) = f[r] ® 1 + ® /[*], (47) 

i>0 

/or r G 0; reca/Z i/iai (ej) j>o a fraszs o/C. 

Proof. We have A(/ (») = f(z) ® 1 + g- h ~( 2 ) <g> /(> + fti^), so that 
A(/M) = /M ® 1 + (q~ h ~ iz) ® /(* + fctfi), r) fc ; 
since ^ = X)i>o fii e i{ z )i f° r certain $ G Z7ftfj(r), we have 



-h-{z). 



j>0 «>o 



We then set for z > 0, bi(r) = ^2j >0 (3j(q (f€i), p 1 ), where (p l )i>o is 
the dual basis to (eA>o- □ 
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Lemma 1.4. There exist families of linear maps (c^)j>o from O to 
Ufjfy(r) and (di) i£ z from k to Uf^)+{r), such that the dependence of 
in A G C — L is holomorphic, and 

A(e[r]) = 1 ® e[r] + ^ efe] ® c, A (r), (48) 

i>0 

/or r £ O, 
and 

i&L (50) 



Proof, (fig) is proved in the same way as (f47|). Let us prove (f49|). 
We have for e G fc, 

A(/ A -[6]) = / A [e] ® 1 + (# + (z) (8 /(z),p: A (c)>»; 

recall that = (g^) V2 E 4 > OiP W (*), with a, G U h t) + (r), 

therefore 

(K + (,)®/W, P : A (e)) fc = ^«^(/(^), P «(,K(,) f|^|V /2 ) fc ; 



i>0 

h/2 



since each pW(z)p_ A (z) j can be expressed as an expansion 

V &B x (z) (- 7 /i (1) ) J 
j>o J 
with B x (z) G L_ A [[7/i (1) ]], we have 

1 ® (f(z), P { Hz)pZ x (z) 6iZ ~^ {1)) ) k = f^ hW (\(e)), 

where A» are certain linear endomorphisms of k. This shows fl4"9p . 
( |5HD can be deduced from P5| ) by using the expansion 

f -d) r f1 = V^ g£^M (-7^ (1) ) J 
i A _ 7fe d)[ e J ^v, ? 'l 

i>o " " J ' 

the identity A(/i) = /i 1 - 1 ^ + Z^ 2 - 1 and by replacing A by A + 27. □ 
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2. Duality 

Let UhQ+(t) be the subalgebra of A(r) generated by D, the h[r],r G 
O, and t/?jn + (r), and let ?7^g_(r) be the subalgebra of A{r) generated 
by K, the h[X], X G L , and C/^n_(r). 

(^0±(t)>A) are Hopf subalgebras of (v4(r),A); (f/^0 + (r),A) and 
(UhQ-(r), A') are dual to each other; the duality (, ) is expressed by 
the rules 

(e[e}J[e'}) = ±{e,e') k , (h[r],h[X\) = ^(r, \) k , (D,K) = ~, 

the other pairings between generators being trivial. We denote by 
(,)u h n ± (r) the restriction of (,) to U h n + (r) x U n n^(r). 

On the other hand, let UhQ + (t) and f/^g_(r) be the subalgebras of 
A(t) respectively generated by ^n + (r), K and the /i[A],A G L , and 
by £//jn_(r), .D and the ft,[r], r G (9. (^0±(t), A) are Hopf subalgebras 
of (A(t),A); (UnQ+ir), A') and (UhQ-(t), A) are dual to each other; 
the duality (, )' is expressed by the rules 

(e[e],f[e'\y=~(e,e%, (h[X\, h[r])> = H( r> X) k , (K,D)'=~, 

the other pairings between generators being trivial. The restriction of 
(,)' to U n n + (r) xU h n-(r) coincides with (, )u h n ± (r)- 

Let us also denote by Ur L n±{T)^ the homogeneous components of 
degree n (in the e[e] or f[e]) of Z7^n±(r), and by _ the intersections 
U[ f) _ n %n ± (r)N. 

Then 

Lemma 2.1. T7ie annihilator ofU+^ for (, }i/ R n±(r) ^2 r eo e [ r ]^ n +( r )- 

2) The annihilator ofUj™ n for (, )u h n±(r) is J2 eek /A+2(n-i) 7 [ e ]^ n -( r ) [n_1] ■ 

3) The annihilator of for (,} Uh n ± (r) is £ rGO C/ ft n_(r)/[r]. 

^) r/ie annihilator ofU[ f ^ n for (, )u h n±(r) is E eefc f 4 n +( r ) [n ~ lle lA+2(n-i) 7 [ e ]- 

Proof. 1) and 3) are consequences of ||12|| , Prop. 6.2. 
Let us show 2). Let us first prove that XleeA: /A+2n 7 [ e ]^ n -( r )'^ * s 
orthogonal to U^ n+1 . Let 

o = eI A _ 2n7 [77„]---e: A [77o], ^ G k 

belong to U^ n+1 ; let b belong to f/^n_(r)[ n l, e belong to k and let us 
compute (a, fl x [e]b). This is equal to 

5>,,r A [e])(a;,&>, (51) 
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where A(a) = J2 i ® a-. 

From fl4"5|) follows that A (a) is the product of the terms 

E e :A-2 P7+7 ^> N(! ® + eli 2 2 2p7 fe], (52) 

for p = n, . . . , 0. This product belongs to Unn+ij) ® UhQ+(t). To eval- 
uate Q5lD ) we may as well project the first factor of A (a) on ^n+(r)W 
parallel to all other homogeneous components. The contribution of the 
(n — p)th term fl52] ) is 

E e -^-2n7^ n ] ' ' ' e -A-2(p+l) 7 [ r 7p+l] e -A-2p7+7/i( 2 ) foK 1 ® a A+2p 7 ( ? 7p)) 

that is, using the fact that 

(/i-2p)el2 2n7 b7rj ■ ■ ■e: A 2 2 2(p+1)7 fe+i] = eZf ] _ 2ni [ri n ] ■ ■ ■ eZ^_ 2{p+lh [v P +i](h-2n) 



^^(-9/9A)"(e: A+2n7 [ ej ]) (53) 
h a 

® ^-e: A 2 2 2n7 [^] • • •e: A 2 2 2(p+1)7 [r/ p+1 ]a A+2p7 (r7 P )e: A 2 2 2(p _ 1)7 fe-i] • ■ ■ elffoo]- 
Note now that for any x E UnQ+ij) and y E C/^n_(r), we have 

(hx,y) = 0. (54) 

Indeed, (hx,y) = (h ® x, A'(y))( 2 ) (denoting by (,)( 2 )the tensor square 
of (,)); but A'(y) belongs to U n n-(r) ®U h Q-(r), and (h,U h n-(r)) = 0, 
so that (|D holds. 

Now the pairing of (53) with /^[e] <8> 6 is equal to zero either (for 

a = 0) because (el^W' /a"[ 6 ]) = ^ ^ or an y e ^ (-^ A anc ^ -^~ A being 
orthogonal to each other) or by fl54|) for a > 0. 

Then standard deformation arguments (see [O], proof of Prop. 6.2) 
show that the orthogonal of £/^ n+1 is exactly ^ eefc / A+2n7 [e] t^tt- (t) ^ • 

Let us now prove 4). Let us first show that for e E k, C/^ri-(-(r)^e~ A+2 [e] 
is orthogonal to £7^_ n+1 . Let 

belong to Unn + (rY n \ let b belong to [/^n + (r)^, and let us compute 
(^ e I A+2r) , 7 [e], a )- This is equal to 

(&®e: A+2n7 [e],A(a)) (2) . (55) 
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From ( f49|) follows that A (a) is the product of the terms 

fx-2jv P ) ® 1 + £(*fap) ® l)/;^i ( x)_ 2p7 N, (56) 

p = 0, ... ,n. Assign degrees —1 to terms of the form /[e],e G k, 
and zero to those belonging to Unfair); then in the expansion of the 
product of the terms (|56|), only those of degree —1 will contribute to 
(|55|). Therefore (|55|) is equal to 

n p— 1 

p=o fc=o «ez (57) 

n 

II (/A"-2fc 7 M ® 1))(2). 
fc=p+l 

Using the identity 

n / n \ 

(h-2p) J] / A -- 2fe7 N= II K-UnhkUih-to), 

k=p+l \k=p+l / 

we rewrite (57) as 

n /p— 1 \ / n 

a>0 p=0 ieZ \fc=0 / \k=p+l 

Note now that for b G C/^n + (r), c G UnQ-{r), 

(6, c/i) = 0. (59) 

Indeed, (b, ch) = (A' (6), c® /i)( 2 ) = because the second factors of the 
expansion of A'(b) belong to L^n+(r). Therefore (58) vanishes, either 
by (|5|) or because (eI A+2n7 [e], /a^N) = 0. 

It follows that E eefc [/ ?i n +( r ) We lA+2n 7 [ e ] is orthogonal to u[ D J n+1 . 
The same deformation arguments as above show that these spaces are 
in fact the orthogonals of each other. □ 

We will also use the following lemma: 

Lemma 2.2. 1) For x G Ufj,n + (r), we have 

(F, id® x) = X] 
2) for y G UhXI-(t), we have 

(F, y®id) = y; 



$8 



ELLIPTIC QUANTUM GROUPS £ T> „(st a ) AND QUASI-HOPF ALGEBRAS 21 

3) Let n be the linear map from UhQ + (t) to C/^,n + (r) ; defined by ir(tx) = 
e{t)x, for x G [/^n + (r), £ G t/^f) + (r); then we have for x' G Un,Q+, 

(F, id ® a/) = vr(x); 

^) Let7r' 6e the linear map from UnQ+{j) to C/^n + (r) ; defined by it' \yt) = 
ye(t), for y e U h n + (r) , t e U h \)-(r); then we have for y' eU h Q + , 

(F,id®y')=ir'{y'). 

Proof. 1) and 2) are direct consequences of fl^fl , (66) and (68). The 
proof of 3) and 4) is similar to that of Lemma 2.5 of H]. □ 



3. Algebras and A~ + and their properties 

For X a vector space, we denote by Hol(C — L,X) the space of 
holomorphic functions from C — L to X and set Hol(C — L) = Hol(C — 
L,C). 

Definition 3.1. Let us define A h to be the subalgebra of Hol(C — 
L, A® A) generated (over Hol(C-L)j fo/ /i (2) and the ft(2) [e]/ (2) [r] ; 
«n£/j e G and r£0, and A H as tae subalgebra of Hol(C — L, A <g> A) 
generated (over Hol(C — L)) by and the e,^[r]f~^ h ^ +2 [e], with 
r e O, e e k. 



Proposition 3.1. The intersection of A + and A + is equal to Hol(C— 
L,l®C[fc][[ 7 ]]). 

Proof. Since we have [/i, / [r]] = — 2/[r] for r G 0, we have the 
relations 

/ {3) [r]e:i% ( »[6] = e:^ hW+ ^[c]/W[r] > 
for 6 6fc,r60; therefore A _+ is linearly spanned by 1 and the 

* = e :2 7ft ( 2 )N • ■ •e:i 1 | 7/l(2)+2n7 [^]/ (2) [ro] • • • fV[r n ](hWy 



(60) 



with n,p > 0, rji G fc, fj G (9. 

On the other hand, A + ~ is linearly spanned by 1 and the 



r, = e«[r ] . . . e^[r n ]f^ hW [ m ] ■ ■ ■ f;% +2l [Vn}(h^T, 

(61) 

n,p > 0, rji G k, G O. 
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Suppose that some combination of elements of the form (|61] ) belongs 
to A + ~ . The image of this combination by I ® 1, I any linear form on 
A, is some combination 

E A °^ (2) ) p + E E Wa^w^ ] • • • A^w^K^r- 

p>0 n>0 i (62) 

Ao ;P , Aj ;n;p G Hol(C — L), that should belong to A + . 

By (36) with e = e' = — , a basis of the linear span of all elements of 
the form 

-7/1+27 

with ?7j G k, is 

fx-jh+2 7 ho] • • • fx-yh+^y [ € in\( hi2) Y, *0 < ■ ■ ■ < in < 0. 

On the other hand, from (42) follows that a basis of the linear span 
of all elements of the form f[r]o] ■ ■ ■ f[i] n ]h p , with G k, is given by 

f\-yh+2>y[ e io\ ■ ■ ■ /A-7/i+27[ e *fc]/[ e *fc+i] ■ ■ ■ /[ e in]^ P ) 

io < ■ ■ ■ < k < < 4+i < • • • < i n - 

A basis of the intersection of A + with this linear span is 

f[e io ]...f[e in ]hP, i G >...>in>^ 

Therefore the only possibility that ( |S^) belongs to A + is that Xi- n;p = 
for all i, n,p. □ 

Definition 3.2. Let its define A~'''' as the subspace of the algebra 
Hol(C — L,A® 3 ), linearly spanned (over Hol(C — L)) by the elements 
of the form 

£' = e -U 7 (/ l (2)+/ i (3))^ 1 ] ' " e _i+7(fe(2)+/ i (3))+2(n-l)7[ r '™K 1 ®a®b), 

(63) 

n > (recall that the empty product is equal to 1), where rji G k, and 
a,b G A are such that [h^ + h^ + h^ 3 \ £'] = 0; and A'''' + as the subspace 
of Hol(C — L, A® 3 ) spanned (over Hol(C — L)) by the elements of the 
form 

r ] , = (a , ®b'®l)f®[r 1 ]---f®[r n ](h®) s , n,s > 0, 
where a', b' G A, n G O, and such that + /i (2) + h i3 \r]'] = 0. 

Proposition 3.2. A~' v and A v,+ are subalgebras o/Hol(C — L, A® 3 ). 
We have 

(A <g> i)(A- + ) c A"'-'- n A>-' + , (1 ® A)(A~ + ) c A'-'' n 

(64) 
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Proof. That A''' + is a subalgebra of Hol(C — L, A® 3 ) follows easily 
from its definition. Let us show now that t4 _,v is a subalgebra of 
Hol(C - L, A® 3 ). Let £' and f " be elements of Hol(C - L, A m ) of the 
form fl65|) , that is 

£' = e -A+ 7 (^(2) + / l (3))[ r ?i] " • • e _i+ 7(/l (2 )+?t (3) )+ 2 (n _i) 7 K](l ® a ® 6), 

and 

= e -i+ 7 (A(2)+h(3))[ ? 7l] ' " • e _i+ 7 (/ l (2) +/i (3) )+ 2( n '-l) 7 K']( 1 ® Q ' ® & ')> 

with ^j,^- G fc, a,b,a',b' G A are such that £' and £" commute with 
/ l (D + / l (2)+/ l (3). 

Since = 2<, we have [h^ + h^,^'} = -2nf', so that [/^( 2 ) + 

ft/ 3 ), 1 ® a (g> 6] = —2n(l (g> a b). It follows that for any p, 

(l®a®6)e:S^ y(h(a j +h(8 j )+2(p _ 1)7 [^] = e:^ 7(7iC2)+ft(3))+2n7+2(p _ 1)7 [r7;](l®a®&). 

The product can then be written as 

e -A+ 7 (/ l (2)+/i(3))[^ 1 ] ' ' ' e -A+ 7 (h( 2 )+/i(3))+2(n-l) 7 [ r 7 n ] 

e -A+ 7 (?t( 2 )+/i(3))+2n 7 ^l] ' ' ' e -A+ 7 (M 2 )+/i(3))+2(n+ n '-l) 7 K']( 1 ® aa ' ® 

which is of the form flB^I). Since we also have [/i 1 - 1 ) + ft( 2 ) +h^ 3 ' , £'£"] = 0, 
belongs to A~' v . 

Let us now prove the first part of (|64|) . From (46) follows that for 
e G k,r G O, (A ® l)(e:^ 7/i(2) [e]/( 2 )[r]) is equal to 

ry e -m [c1 ^) (2) (jh^r {3) (2) (3) 

i>0 o>0 

and so belongs to A"'''' n A v '+. We also have (A <g> l)(ft (2) ) G A" 1 ' 1 ' n 

v4 v ' + . Since /i^ 2 -* and the e~^_ h{a) /( 2 )[r], e G fc, r G O, generate A h , 

and that A~'''' n A v ' + is an algebra, we have (A cg> l)(v4 -+ ) C A - ' '' fl 
A>->+. 

Let us now prove the second part of (|6^). Clearly, (1 <g> A)(ft( 2 )) 
belongs to A - ' '' fl yl v ' + . From Lemma |1.3| follows that for any e G 



fc,r G O, (1® A)(e:« 7/i(2) [e] /( 2 )[r]) is equal to 



-A+ 7 (/t( 2 )+/l(3)) 



\ i>0 



and therefore belongs to A ,v rb4 v,+ . Since ft/ 2 ) and the e__^ h ^ [e]/^[r], 
e G fc, r G 0, generate A h , and that y4~' v fl A'' ,+ is an algebra, this 
shows that (1 <g> A)(A- + ) C A~ v n □ 
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We now define analogues A + '''' and A''~ of A~''>' and A''' + . 

Definition 3.3. A + '''' is the subspace of the algebra Hol(C — L, A® 3 ) 
linearly spanned (over Hol(C — L)) by the elements of the form 

£' = e (1) [r 1 ]...e (1) [r n ](l®a®&), n > 0, (65) 

where r { G O, and a,b G A are such that + /i (2) + /i (3) , £'] = 0. 

A'''~ is the subspace o/Hol(C— L, A® 3 ) linearly spanned (over Hol(C— 
L) ) by the elements of the form 

rf = (a' ® b' ® 1)/;® m foi] • • • f;% +2j [Vn}(h®) s , n,s>0, 

(66) 

where r/i G k, and a', V G A are such that \hS^ + hP> + rf\ = 0. 
We have then: 

Proposition 3.3. A + '''' and A''~ are subalgebras o/Hol(C — L, A® 3 ). 
We have 

(A ® i){A + ~) c A + >->- n A 1 '-'", (1 ® A)(A+-) c n A v, ~. 

(67) 

Proof. That A +,v is a subalgebra of Hol(C — L, A® 3 ) follows easily 
from its definition. 

Let us now prove that A''~ is an algebra. Let us consider elements 
of the form (|6l|), 

v = (a ® b® i)/;i 3 7 i ( 3 )+27 ^] . . . /;i 3 7 i ( 3 )+27 K](^ (3) ) p , 

and 

rf = (a' ® b' ® l)/ A -i 3 i (3)+27 K] . . . /;i 3 7 i ( 3 )+27 [^](^ (3) ) p ', 

where r/j, r/- G fc, and a, b, a', b' E A are such that \hP) + + h^ 3 \rj\ = 
[hV)+hP>+hP\7}']=0. 

Since each f~_ h ( 3 ) +2 [Vp\ commutes with a'®&'®i, rjrj 1 can be written 

as 

rjrj 1 = (aaf ® bb' ® 1) 

/x-yftCT+a-yM ' ' ' /A- 7 i(3)+2 7 [ r ' ?1 ]^A-7i(3)+27[ r 'l] ' ' ' A- 7 fe( 3 ) +2 7 fan'] ~~ 2n) P (h i3) ) P , 



which is of the form (|BBD; on the other hand, 777/ clearly commutes with 
h^ 1 ' + Z^ 2 - 1 + h,( 3 \ which implies that it belongs to A''~. 
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The proof of ( |6^) is similar to that of Prop. |3.2| : Lemma [L4| implies 

-(2) ' r 



that for e G k,r G 0, (A <g> l)(e (1) [r]/J 2) (2) [e]) is equal to 



e<^]+l>m[ £i ]cf>M /;« (1)+21 [ £ ] 



t>0 



and therefore belongs to A +,v rL4 v ' . On the other hand, (l®A)(eW[r]/ A _ ftC2)+2 [i 
is equal to 

\ i>0 

and so belongs to A+' - nA' '". Finally, (A®l)(/i^) and (1® A)(h^) 
also belong to v4 + ' v n A' 1 ' 1- . 

Since the e^fr]/^ 2 ^^ [e] generate A + ~ , and that v4 +,v n A'''' - is 
an algebra, this proves flST]). □ 

Proposition 3.4. VFe /mve 

A + '-'-nA-' v = Hol(C-L, 1®(^ 2 )"), A'-'+nA''- = Hol(C-L, (A® 2 )%C[h]), 
where (A® 2 )^ are the elements of A® 2 commuting with + h^ 2 \ 



Proof. The proof is similar to that of Prop. 3.1. □ 



4. Decomposition of F. 

4.1. Notation. We will use the following general notation. For (Xx)\ec-L 
a family of maps from an algebra A to A® m , depending on A G C — L in 
a holomorphic way, for n > m and any injection fc i — »• i fc of {1, . . . , m} 
into {1, . . . , n}; for any complex numbers a s , s — 1, . . . , n, we set 

where x| n ''"'*^(a) denotes the image of X\(a) in A® m by the map 
sending the fcth factor to the z'^th one. If the X\ are algebra morphisms, 
and that each a ik vanishes, then X^^ k ^ akhik) is an algebra morphism. 

This notation applies in particular if A = C (then X\ is a family of 
elements of A® m ). 
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4.2. Decomposition of F. Let us denote by Unn±(r)^ the homoge- 
neous part of of UhXI±(t) of degree n. Let us set 

F = J2 F n, with F n G U h n + (Tp <g> *7 R n_(r)H 

n>0 



Proposition 4.1. Tnere exzsi families (F l x ' p )\ eC _ L . p > , i = 1,2 of el 

7 l 



ements of A® 2 , where F^ p is a linear combination with coefficients in 



Hol(C - L) o/ tfie 

-F A ,<? zs a similar combination of the 

ehi ] • • • e [e is ] ® /^" +2?7 [e^ ] • ■ ■ / A+27 [e ig ] , z a > , 
and .F A = l,i = l,2 ; swcn that 

Fn = £ ^Vr^ ' (68) 

p+<j=n 

Proof. Let us define the linear maps ]Iy A and n^ A , from L^n+lY) 
to £/| e \ resp. to £7_ A , by 

n^ A (ab) = ae{b), n^ A (a6) = e(a) 6, a G , 6 G , 

and 11+ A and IT_ A , from f/ ft n_(r) to £/ + , resp. to Z7_ A , by 

n^ } A (ab) = e (a) 6, nL /} A (a6) = as (b) , a G ^ , 6 G f/ + /} . 

Note that is a left fT^ -module map, and is a right LQ. - 
module map. From Prop. |1.2| also follows that the kernels of Ilr A , LT^ A 
and of n^ A are respectively J2 e ek U h^+(r)eZ x [e], Ergo e[r]U h n + (r) 
£ ee */;T [ e ] c/ ft n -C>") and EreO^M'O/M- 

Lemma 4.1. 1) For each n > 0, (1 <g> n ( f /) A+2n7 )(F n ) and (n^ A+37 ® 



1)(F„) both belong to ^+2 7 - ® f/ + ) / 



2j /or eacn n > 0, (1 <g> n ( _ /) A+2n7 )(F n ) and (n^ A+27 ® l)(F n ) both 

belong toU^^U { x % n ^_; 
3) we have the equalities 

(i ® nS +2n7 )(F n ) = (nL e J A+27 ® i)(F n ) 

and 

(n^ A+27 ® i)(f b ) = (i ® n^ A+2nT )(F n ). 
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Proof of the lemma. Let us prove the first part of 1). (1 eg) 
n^ A+2n7 )(F n ) clearly belongs to t/frn + (r) <g> U+ . Let now x belong 

to E e6fe fx + 2n^Pnn-(r) [n - 1] - Consider ((1 ® +2fvy )(F„), z ® id); 
this is equal to n + A+2ri7 (x) by Lemma |2~2| , 1), and therefore to zero. 

By Lemma |2TT| , 2), it follows that (1 <g> n^ A+2 )(F n ) also belongs to 

r ( e ) 



^ 27 ,_®^n_(r). 

The proof of the second part of 1) and of 2) is similar, and uses 
the other statements of Lemma |2.1|, and the above description of the 



kernels of U^ x+2j , U { I\ +2nj , and Tl { +] x+2r 



Let us now prove the first part of 3). Let us fix a + in U+' n and a_ 
in u x+2 7 -- Then 

-,\+27 ® ^)(Fn),Ct+ <£> a -)(2) 

= (a_,n ( f /) A+2n7 (a + )) - (n (e i ) A+27 (a_),a + ) 
= (a_,a + ) — (a_,a + ) = 0. 

Since (l®n^ ) A+2n7 )(F n )-(nL e i ) A+27 ®l)(^) belongs to U^ 2 \_®U { ^ n , 
and that the pairing (, ) induces injections from t/{+ 27 _ in the dual of 
U { + f) ' n and from f/j /);n in the dual of (1 ® n^ A+2n7 )(F n ) - 

(n_ >A+2 (g> l)(i^ n ) is equal to zero. 
The proof of the second part of 3) is similar. □ 

Let us set now 

= (1 ® n^ A+2n7 )(F n ) = (n^ A+27 ® l)(F n ) (69) 

and 

F 2 x n = (< A+27 ® i)(Fn) = (i ® n^ +2n7 )(F n ). 

To prove (|78|), let us consider the family (indexed by A G C — L) of 
linear endomorphisms i\ of ?7an + (r), defined by 

p+g=n 

for x in £4n + (r)[ n l 

Assign in C/^fl + (r), the degree to the elements of U%\) + {t), and the 
degree 1 to each e[e],e G fc. Let us denote by C/r0+(t)^ the subspace 
of UhQ + (t) formed by the elements of degree q. Then 

p+q=n 
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Let us now fix x in C/^n+(r)^, and let us set A (a;) = ^ ip+q=n x' pi <8> 
a% ti , with x' pii G t4n+(r)M, a£« G f4fl+(r) M . Expand £ x (x) as 

i,p+q=n 

= E ^^(^^(n-^ ^^)' (70) 
£,p+g=n 

the first equality follows from the Hopf algebra pairing rules, the second 
one from Lemma |2.2| , 1), 2), and the third one from the same Lemma, 
3). This formula enables us to show: 

Lemma 4.2. l\ is a left U+\r) -module map. 

Proof. Recall that the product map defines a linear isomorphism 
from U h t) + (r) (g> (g> U^_ 2 onto U h g + (r). Define U h b + (r) as the 

image of [4f) + (r)®[/j e) ®l by this map. £/ftb + (r) is then a subalgebra 
of U h q + (t). 

On the other hand, since for r G O, A(e[r]) is equal to (e(z) <g> 
K + (z),r) k + 1 <8> e[r], it belongs to C/^n + (r) <8> [/ftb+(r). It follows that 
A(f/j e) )c£4n + (r)®f4b + (r). 

n_ A+2 o7r is now defined as follows: to x G C/^g + (r) decomposed as 

with fri G £4b + (r),x+ G U^\x^ G U^_, 

i 

it associates n^ A+2 e(hi)xfx~), that is e(hixf Therefore, 
it satisfies 

° = ^X 11 ^^ O 7T)(X), (71) 

for x G £4g+(r), 6 G U h b + (r). 

Let us fix now x G L^n^r)^, 6 G £7+ m . Let us set A(x) = 

I2i,p+ q =n X p,i® X q,V X 'p,H X "q,i aS ab ° Ve ' alld A ( & ) = Ei,p' +? '=m & ki® 6 9',i' 

6^. G Z7 ft n+(r)M, 6j d G ^b+(r)[ 9 '] (where U h b + (r)^ is the intersec- 
tion of U n b+(r) and C/ ftS+ (r)^). 
Then 

= E n +V2 7+ 2( P+ p07( 6 ki^)( n - 1 A + 27 ° *WX<) 

' ,j,P+q=n,p'+q'=m 

— E ^+,A+27+2(p+p07^^i X 9,i) £ (^p\i)(^'--,A+27 ° ^X^p'i)) 

jj,P+<2=n,p'+9'=m 
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where the first equality follows from (70), and the second one from ([71]). 
If ff ? 0, e(6^) vanishes, so that £ . K.yiK;,) = £, y+9 , =m ^/(^,;) = 
b. Therefore £\(bx) is equal to 

E <a +27+2p7 (K,)(<a +27 ° 

j ,j,p+q=n 

= E ^A+ W^X^,^ ° *)«<) = ^A(X), 

where the first equality follows from the fact that II_ A+2 is a left 
-module map. □ 

Set now for x in f4n + (r) M , A(x) = Yji, P + q =n^' P ,i ®x'q,n witn %p,i e 
£/»n+(r)W, G C/ B fl+(r)M. Then 

e x (x)= E (^^.^osj/^w®^)' 

= E (^W^^O^jn^^), (72) 

i,p+q=n 

using the Hopf algebra pairing rules, and Lemma [2.2|, 3). Before we 
use this identity to derive a result analogous to Lemma 2.7 of ||, we 
will show the following results. 

Lemma 4.3. For any e, e' G k, the product (q~ h )[e]e A [e'] is equal to 
some combination ^ e A _ 27 [r/.-] (g -/l )[??,:], /or certain rji,^ G A;. 

Proof. Recall that in (9), the ratio of theta-functions should be 
expanded for the argument of K~ near 0; therefore, we have 

r r )(^H(f)(^) = E(^) Q f ^ w ~ 7 ^7 7 l ) ^T^n- 

^ V#(w-7^ + 7)/ a' 

It follows that for e' € fc, we have 

(q~ h l(zW](q h -)(z) = J2 i - Z ^e 

z — ' al 

a>0 

therefore we have for e G k, 

r^)He[ e '] = E e 

a>0 



e'(w)(d/dw) a 



6{w — jK — 7) 
6{w — jK + 7) 



-z) 
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Now if e' belongs to L\, the products e' (w){d / dw) a (^ l^Z^K+l] j be- 
long to L X -2j- The lemma follows. □ 



Lemma 4.4. For x G f/^n+(r), e & k, we have: 

i) n^ A (xe: A [ e ]) = ni e) (x)e: A [ e ]; 

Proof. This follows directly from the definitions of II± A . □ 



Lemma 4.5. We have the identities 

i\- 2l (xeZ x [e]) = £ x (x)eZ x [e], 
for x G Unn+(r), e G fc. 

Proof. Let us fix x G f/ftn + (r)[ n l, and set as above A(x) = 

J2i, P+q =nK,i ® with 3»,< G ^ n +( r ) bl ; <i e ^fifl+(r) I,] . From for- 
mula (|26|) follows that x" q i can be decomposed as a sum ^2jy q ,i,jh q i j, 

where y q> %j belongs to C/^n + (r)^ and fo^jj is a linear combination of 
products of the form (q~ h )[ei] ■ • ■ )[e P ], with G (where we 
denote ^ z \r](z))k by (g^ )[^]). 
Let now e belong to A;; we have 

A'(xe: A [ e ]) = Yl ywKi,j®Xp,i {{q~ h ~ {z) ® e(*),p_ A (e)) fc + eI A [e] <g> l) . 

i,j',p+(j'=n 

Let us set 

( ff - h "W (8 e(*),p_ A (e)) fc = 5>- h ~)kl ® e[p s (e)], 

where p s is a family of linear endomorphisms of k. 
The according to (72), we have 

h-2,(xeZ x [e}) = ( n SA + 2 P7+27 ° (%«^«(^")[^])n^(^e[p s (e)]) 

s,i,j,p+q=n (73) 

+ (n JJ A+2p7 ° tt') (te-Vj e -A[ £ ]) n -i(4,i)- 
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Using the property of ir' that n'(xt) = n'(x)e(t), for x G £/ft0_(r), 
£ G Z7ft()_(r), we write the first sum of the r.h.s. of (73) as 



E ° t') (y^.y)e((g-*")[c.])n« (^e^(c)]) 

s,i,j,P+q=n (74) 



E ( n +,A+ 2p7 +2 7 ° tt') (y9.ij^,y)n?J A (4,< e -A[ e ]) 

i,j',p+(j'=n 

E ( n +,A+2 P 7+27 ° ^ (%>i-i /i 9.i.i) n -,A(^,i) e= A[ e ] 



i ,j,p+q=n 

= h(x)e~_M (75) 

here the first equality follows from the properties of e, and the second 
one from Lemma O, 1). 

According to Lemma [4.3| , each product ^ g ,i,jeI A [e] can be written as 
a sum 

with hq^jj G Z7^_(r). It follows that the second sum of the r.h.s. of 
(73) can be written as 

t,s,i,j,p+q=n (76) 



But 



(n^ A+2p7 o tt'J {y q ,i,je_ x _ 2m [e t )h 



q,i,J c --\-2p^l c t\"'q,i,],tJ 

= nJ i ) A+2p7 (y (?iJJ e: A _ 2p7 [e t ])e(/i (?i , J -t) = 

by Lemma [4.4| 2). Therefore (|76|) vanishes. The lemma follows from 
this and (74). □ 

We are now in position to show that for any A G C — L, x G Un,n + , 

h(x)=x. (77) 

Using Prop. [Q| , decompose x as a sum £\ x p^ x q^ with in U^' p , 
x~i in f/^ 9 . By Lemma [T2], £a(#) is equal to J2i pq x p,i^( x q,i)'i an d by 
Lemma fO)| , this last expression is equal to Yli P q x p,i^\+'2q'y{^-) x q,i- We 
easily check that for any A G C — L, = 1. ([77|) follows. 

The proposition now follows from the comparison of ([77]) and Lemma 
272] , and from the fact that (, )c/ R n±(r) is non-degenerate. □ 

We can now obtain another decomposition of F: 
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Corollary 4.1. There is a unique a decomposition of F as 

F = F%Fl, with Fl G A~ + and F 2 G A + ~ , (78) 
with (e g> = (1 <g> e)(Fi) = 1, % = 1, 2. 

Proof. Set 



2;g 
A 



(-7^(2) )« 



a 1 

<j>0 a>0 



and 



F l = EE(W(^^ri (79) 

p>0 a>0 

F^and F% belong repectively to A h and A^ . Since we have also 



q>0 a>0 



we can write 



p,<2>0a>0 ^' 



Let us now prove the unicity of the decomposition (78) . Let (F^, F' 2 



?>2 



A 



some other solution to (|78|). Then, by Prop. |3.1| , we will have F'^ — 
F 2 u, F^ = u _1 Fl, with u some invertible element of Hol(C — L, 1 Cg) 
C[/i][[7]]). On the other hand, (e ® = (e ® l)(Fg ) = 1 implies 

that u = 1. □ 

Lemma 4.6. VFe nave an expansion 

Ft g i + ^E e :i+ 7 ^)^-A]/ (2) [ e i + £WrP ® C/^^^C^], 

Proof. This follows from formulas ( |7D| ) , (|55| ) , and from the fact that 
n^\ +27 maps each [7^11+ (r)W to itself. □ 

5. Twisted cocycle property. 
Let us define for A G C — L, 

Proposition 5.1. The family ($a)agc-l belongs to A~' v n A v,+ . 
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Proof. First observe that if (0a)asc-l belongs to A~ + , then ((/)[_' h(3) )\ec-L 



and (cj)^)\ e c-L belong to A ' v rb4 v,+ ; this follows easily from the defi- 

1(12) lf23l 

nitions of these algebras. It follows that (F _ / (3) )agc-l and (F\ )asc-l 



^ ^ - _ V~i r\n rf r\ A i ' i ' ( 1 A ' i " i H~ - +- i c 1 atitc i"i o c 1 1 1 r "Ft*^ m h -f- V 

if 4~ ri qco o I pro Kt 1 o o I -j - T / \ I I riiirc 4* ri o f £v 

also belong to A~ ,v R A'''' + . 

By dH), the families (A <g> l)(Fj) and (1 ® A)(F A X ) also belong to 
A -1 ' 1 ' H v4 v,+ . Since A - '"'' n A''' ,+ is an algebra, and has the following 
property: any x G A~ ,v D v4 v,+ , invertible in Hol(C — L, A® 3 ), is such 
that x' 1 belongs to A~- v n A v '+, ($a)agc-l belongs to A - ''-' n A''' + . 

□ 



Using (p0|), we may rewrite $a as 

$ a = ((A (8 1)(F A 2 )(F^ C3) )) -1 (1 ® A)(F A 2 )(1 (8 F 2(23) ). 

Proposition 5.2. $ A G A+- '•' H A v ~. 

Proof. We now remark that if (ip\)\eC-L belongs to A + ~ , then 
(V' A 1 _ 2 ^ h (3))Aec-L and (^i )AeC-x both belong to A + ''''f\A'''~. It follows 
that (F A i 12 ^( 3 ))Aec-L and (F a (23) ) Ag c-l also belong to A +,v n A '' ~. 

By Q67D, the families (A ® 1)(F A 2 ) and (1 <g> A)(F A 2 ) also belong to 
v4 +,v fl A''''~. Since v4 + ' v n A'''' - also has the property that any x G 
A + >'>' nA'>'~, invertible in Hol(C — L, A® 3 ), is such that x~ l belongs to 
A + '-'- n A>'~, ($ A )Aec-L belongs to A + ' v n A '' ~. □ 

From the two above propositions follows that we have 

®x = ^2l®af ®h\ (80) 

i>0 

for a certain family a A of elements of A(t), commuting with h. 
Let us define now 

A A = Ad(F A ) o A; 

this is a family of algebra morphisms from A(t) to A(t)® 2 , depending 
on A G C — L in a holomorphic way. 

Then we have the twisted quasi-Hopf condition 

(A A _ 7h(3) <g> 1) o A A = Ad($ A ) o (1 ® A A ) o A a . (81) 

Proposition 5.3. (Aa)agc-l an d ($a)agc-l satisfy the compatibility 
condition 

(A x _ j(h( s )+hW) <g> 1 (8) 1)($a)(1 ® 1 ® A a )($a) (82) 
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Proof. The proof is a straightforward computation. We can under- 
stand it in the following way. 

For (Vi, Pi)i=i } 2 two y4(r)-modules (that is, we are given algebra mor- 
phisms pi from A(t) to End(VJ)), define the family of A(r)-modules 
(Vi ® V2, pi ®a P2)agc-l (sometimes simply denoted by Vi £g>A V 2 ) by 

Pi ®A P2 = (Pi ® P2) A A . 

Then for (V*, Pi)j=i, 2i3 three A(r)-modules, ( |81| ) implies that the im- 
age of $a by ®f = iPi is an intertwiner of A(r)-modules from Vi ®\ (V2 ®a 
V 3 ) to (Vi 

®A-7/i( 3 ) V 2 ) ®A V3. 

For (Vi, Pi)i<i<4 four A(r)-modules, we then have the sequences of 
^4(r)-modules morphisms 

Vi ®A (V 2 ®A (V 3 ®A V 4 )) -> Vi ® A ((V 2 V 3 ) ®A V 4 ) 

-(Vi (V 2 ®A- 7 h< 4 ) V3)) ®A V4 — > ((Vi ®A- 7 (/t( 3 )+/i( 4 ') ^2) ®A- 7 /i( 4 ) V3) ®A V4 

given by the image by ®f =1 Pi of the r.h.s. of (82), and the sequence 

Vi ® A (V 2 ® A (V 3 ®A V 4 )) — (Vi ® A _ 7(fe (3) +fe (4) ) V 2 ) ® A (V 3 ® A V 4 ) 
— ((Vi ^X-fih^+hW) V 2 ) ® A - 7 fc(4) Vs) ®A V 4 

given by the image by ®f = iPi of the l.h.s. of the same equation; these 
sequences of morphisms coincide. □ 

We are ready to conclude: 

Theorem 5.1. We have $ A = 1. Therefore 

K-iiv( A ® !)(*a) = ^A (23) (l ® A)(F A 1 ). (83) 

Proof. After substitution of fl8"0|), the l.h.s. of (82) becomes the 
product of 

^ 1 ® 1 <8> a? ® 



i>0 



and 



1 ® af ® (/i <g> 1 + 1 <g> /i)*; 



i>0 



since /i commutes with the a\ , it follows that these two terms com 



A ' 

mute. Therefore (82) simplifies to 

(1 ® 1 ® A a )($a) = ($a-7M 4 ) ® 1)(1 ® A A _ 7ft(4) <g> 1)($ A ). 

Apply now 1®£®1®1 to this identity. Since (1<8>£®1)($a) = 1, the 
first and second term map to 1. On the other hand, since (e® 1) o A A = 
id, the last term maps to $ A . Therefore, $ A = 1. □ 
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Remark 5. It would be interesting to find some analogue for the M(A) 
of 0, that is some family of elements of A(r) whose twisted coboundary 
would be F\. This element should belong to some completion of A(t), 
and for 7 = coincide with a "longest Weyl group element the affine 
algebra" . 

6. Dynamical Yang-Baxter equation 

The paper ||, sect. 2, contains the following result: 

Proposition 6.1. (see 0; Let (A, A£, K*) be a quasi-triangular Hopf 
algebra, with a fixed element h. Let F(X) be a family of invertible el- 
ements of A® A, parametrized by some subset U C C. Set A(A) = 
Ad(F(A)) o A^,. Suppose that the identity 

F^\\ - 7 # 3 >)(A£ ® 1)(F(A)) = F( 23 )(A)(1 ® A£)(F(A)) 

(84) 

is satisfied. Then we have 

(A(A - 7 /i (3) ) <8> 1) o A(A) = (1 ® A(A)) o A(A), (85) 
and if we set TZ(\) = F( 21 )(A)ft£.F(A) -1 , we have the identity 

^(12) (A) ^(13) (A _ 7 /J(2))^(23) (A) = ^(23) (A _ ^(D)^) (A) ^(12) (A _ ^ 

Proof. Define AI 12 1(A) as the linear map from A® 2 to A® 3 defined 

by 

At 12 ](A)(x ®y) = F( 12 \\){A£ <g> l)(x <g> y)F^ 2 \\ - ^)-\ 

(87) 

and At 21 ](A)(x = Al 12 ](A)(a; ® y) (213) . Then we have 

^(12) (A) ^[12] (A)(x) = ^[21] (A)(x) ^(12) (A _ 7 ^(3) ); XG ^2 

(88) 

and 

At 12 ](A)(ft(A)) = ft( 13 >(A - 7 7^)7^(A). (89) 

Applying (H) to re = ft (A) yields ©. 
We could also define A^A) by 

A [23] (x ®y) = F (32) (A - 7 /J (1) )(l ® A^)(z ® y)F( 32 )(A)- 1 , 

Al 32 l(T) = A[ 23 ](T)( 132 ),forT e ^ 2 ; then we have At 23 ](A)(x)^ 23 )(A) = 
ft( 23 )(A- 7 /i«)A[ 32 l(T), and 

A^(A)(^(A)) = 7^(A)ft( 13 )(A - 7 /J (2) ). 
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Note also the identity A^T) = (A^T* 31 )- 1 ))* 312 )- 1 . □ 

Identities (0), ( |5oD and (^) are respectively called the twisted cocy- 
cle condition for the family F(X), the twisted coassociativity condition 
for A (A), and the dynamical Yang-Baxter equation for 1Z(\). 

Theorem 6.1. Let us set in A(r) m , 

-Jl^ _ q D®K q ij: i ^ h[e i }mle i . ] q £ ieZ e[e^f[e i ] 

and for X G C-L, K x = (FD^TZ^Fl)" 1 . Then the family {TZ x )xec-L 
satisfies the dynamical Yang-Baxter relation 

^(12)^(13) .-(23) _ ^(23) ^(13)^,(12) 

Proof. This follows directly from the above proposition and the fact 



that (A(t),A, 7^oo) is a quasi-triangular Hopf algebra (see |I2|). □ 



Remark 6. Let A^ 12 ' be the linear map from A® 2 to A® 3 defined by fl87D, 
and Af 2] the map A^ 12] ®idfrom A® 2 <g>Diff (C-L) to A® 3 <g>Diff (C-L). 
Here Diff(C — L) is the ring of differential operators in A G C — L. Let 
us set 

U = e lhmdx K x . 

Then we have the simple relation A x 12 \lZ) = TZ 13 TZ 23 . The form of TZ 
indicates that the algebra element h[j] can be naturally added with 
the derivative J^. This indication could be useful for the study of 
twisted conformal blocks: in such a theory we need to add differential 
operators to the elements of 0a- 

7. Level representations of A(t), L-operators and RLL 

RELATIONS 



In ||11|| , we studied the 2-dimensional representations, at level 0, of 
the quantum groups introduced there. In the case of the algebra A(t), 
these representations can be described as follows. 

Let us denote by the local field C((C)), by its derivation d/d(, 
and by k^[d^\ the associated ring of differential operators. Let (v\, t>_i) 
be the standard basis of C 2 , and £7y the endomorphism of C 2 defined 
by Eij(v a ) = S a jVi. 

Proposition 7.1. (see [11|, Prop. 9) There is a morphism of algebras 
71^ : A(t) — > End(C 2 ) (g) ^[^cltWl? defined by the formulas 

ir c {K) = 0, n ( {D) = Id c2 ®d ( , 
ir c (h[r}) = En ® (jT^ r ) (0 " ® \\lTq~d r ) (0, r G O, 
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H (h[X]) = E n ® (^jA) (C) - S-i-i ® (^t^a) (C), AG L , 
7r c (e[e]) = ^E w ®6(C), 7r c (/[e]) = E_ lfl ® e(C), e G fc. 



Lemma 7.1. T7ie image of 1Z\ by tc^ ® 7rf/ zs 

(vr c ® 7T C 0(^ A _ 7 ) = A(C, C)R-(C - C, A), (91) 

if/iere 

A) = E n ® E n + -E-i _i ® + gff^ n ® (92) 

g(A- 7 )g(A + 7 ) fl(s) fl(* + A)fl( 7 ) 

+ W ^T^) " 11 + ^TtMA) ® ^ 

0(*-A)fl(7) F „ p 

~ ^TTtMA)" 

and A((, CO is egtza/ to exp(^V> (^^j^e 1 

(CKo(C'))- 

Proof. Since the image by 7r^ and 7r^/ of L^n±(r)- 2 is zero, and by 
Lemma |4.6|, this image is the same as that of 



After we use the expansions 

J^e^yH = ^ _ ^ + ^ , for A G C-L, ^e^OKW = ~(*-u>), 

and the identities 

£(W)(C)e 4; o(C') = ^e ! (0(/(-9)e 8;0 )(O, 

for / any polynomial in d, and 

(q a *-16' f A + 
ex P ^ ^-(*-«0 



<9 2 # v 7 9(z-w) 
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we find 

(7r c <g>7r c 0(ft A ) = 

«(.o(i +W(tw .^>§^±3). 

(^1,1 <g> + <g> £-1,-1 

the lemma follows. □ 
Define -R + (z, A) as A) -1 . We then have 

R+(z, A) = E n E n + + ^ ( !Y (A 7(A) ( a A + 7) ^ ® E - 

i g(g) P ^ 6>(^ + A)(9(7) 

+ ^^(A) U W ' 
Let us define now the L-operators as follows. Set 

Lt(C) = (1 ® vr c )(^ A _ 7 ), £- x (() = (1 ® 7r c )(fc£»). 

Using again the fact that ?7 ft n ± (r)- 2 is mapped to zero by 7r^, we com- 
pute 

^(0 = (1 + W/a + W0 ® ^i,-i) (A: + (C + 7) ® + ^(C)- 1 ® ^-1,-1) 
(1 + fre+ A (,2) ® 

'1 W/a%, +7 (CA A + (^ + 7) \/ 1 OA 
,0 1 MO k+(z)- 1 J Uel A (C) V' 



(94) 



and 

£ A (C) = (1 + fie: A (C) ® (AT(C - h) ® E 1A + Ar(C)- 1 ® £_!,_!) 

(1 + W/ A -_ 7 , +7 (C) ® Ei,-i) 

where 

L - (n -f 1 o\/*-(c-ft) o \/i w/ A -_ 7 , +7 (cn 
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Theorem 7.1. The matrices L x (() defined by (94) and satisfy 
the relations 

RHC - C, A)^ (2) (C)^ (2) (0 = LfV (C)Lt {1) (QRHC - C, A - jh) 

(96) 

L- x {1 \c)R-(C-CA-lh)L + x {2 \C) (97) 

= L l?U kwc - e + if 7, a)l^; (2) (c)^|^p- 

Proof. It suffices to apply id®7r^®7T^/ , ir^ir^^id and 7r^®i(i®7r^/ to 
(|90|) , after the change of A into A — 7, to simplify the coefficient £') 
of Lemma |7.1| (which is independent of A), and to transfer the factors 
q Kd < and q Kd <' to the left. □ 

Remark 7. Connection of A with fx- The function A((, (') of Lemma 
[TT| satisfies the functional equation 

A(C,CV(C + fi,C') = ^ 7 ^; 

after analytical prolongation, we see that A only depends on ( — ('■ The 
ratio v4(£,£' — Kj)/A((~, £') of relation (97) is then simply connected 
with the function expressing the commutator (/c + (z), k~(w)) (rela- 
tion (HD) by 

MC - C - ft) • 



8. Elliptic quantum group E Tj(? (s[ 2 ). 

8.1. Definition. Let us set rj = 7/2 and define E TjV (sl2) as the algebra 
generated by h and the aj(A), 6j(A), q(A), <ij(A), z > 0, A G C—L, subject 
to the relations 

[h, ai (X)} = [M;(A)] = 0, [/i,6i(A)] = -2h(X), [h, Ci {\)} = 2c i (X), 
and if we set 

a{z, A) = ^ ai(\)ei_ jh / 2 (z), b(z, A) = ^ b iW e i,\-~f(h-2)/2(z), 
c(z, A) = ^ c iW e i,-\+~/(h+2)/2(z), d(z, A) = ^ di(\)e i:jh/2 (z), 

i>0 i>0 

and 
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the relations 

R^ 12 \ Zl - 22, A - ih)L^(z u X)L {2 \z 2 , X - 7 /i«) (99) 

= L^(z 2 ,X)L^(z ll X- 1 h^)R^ 12 \X ,zi - z 2 

and 

0(A- 7/1-7) 



Det(z, A) = d(z + 7 , A)a(z, A + 7) — b(z + 7, X)c(z, X + 7)- 



e{x- 1 h) 



Here i2+(z,A) G End(C 2 <8> C 2 ) is given by (93); we define h w as 
(E n - <g> 1 and /i (2) as 1® (En - £-1-1). We also define 

as before, f(X - -yh) as E a > o (0?/)(A) 'and f(X - 7 /> (i) ) as 

E a >o(^/)(A)(-7^ ) )V«!- 

Remark 8. The L-operator defined by (|98|) is 1-periodic in the variables 
z and A, and satisfies 

L(z + r,X) =t X -~ /h L(z,T)t^, (101) 
where t a = ( n i?rA ) ■ On the other hand, the i?-matrix (92) 



e / 
satisfies the conditions 

R+(z + r, A) = t ( ^ h(2) R + (z, A)t- 1(1) . (102) 

The fact that the periodicity conditions ( |101| ) and ( |102|) seem com- 
patible leads us to conjecture that the algebra E TjV (sh) is a flat defor- 
mation of the function algebra of the group of holomorphic maps L cl 
from (C - L) 2 to SL 2 (C), such that 

L d (z + r,X) = Ad(t x )(L d (z,X))- 
Since the morphism \1/ defined in Thm. |9.1| is obviously surjective, this 
algebra has "at least the size" of U^Qoir)- D 

8.2. Connection with the usual formulas. The formulas defining 
the elliptic quantum groups in |l(| involve an i?-matrix different from 
(92). Let us explain their connection with the above formalism. 

Consider the ring ^[[7]] of formal series in 7, with coefficients mero- 
morphic functions in A. Let us adjoin to it a square root 9 1 ^ 2 (X) of 
0(A). The new ring T\i 2 [[7]] then contains a solution ip of the func- 
tional equation 

^(A + 7) 0(A) 
<p(A-7) 0(A-7)' 

we have 

p(X) = 0^ (A)exp (-^tanh(7<9/2)|) (A). 
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Define for u, v £ C, the quantities (p(\ + •y(uh + v)) as 

( 1 {uh + v)) k (ip'\ (k ~ ir 



<p(\) exp 

\k>l 



k\ \ip 



(A). 



Note that any of the ratios v ^ 1 ( U 'h+\ ' ^ or u -> v -> u '-> v ' ^ ^> belong to 
Lemma 8.1. Let us set for A G C — L, 

a(z ' A) = ^A^r a(2 ' A) ' h ^ A) = ^at^ A) ' (103) 

c(z, A) = ^pTc(,, A), d>, A) = ^^d(z, A); 

let us set L(z, A) = A j ^ A) } ) . De/me 

£(>, A) = E n ® £ n + ® + ^ 1,1 ® -i 

0(\)0(z-i) (1Q5) 

9{-\ + z)9{ 1 ) 
~0(-A)0(.- 7 ) 1,10 W ' 
i/ien we /iai>e i/ie relations (see ||16|| J 

/ia(z, A) = a(z, A)/i, A) = d(2, A)/i, (106) 

fc&(z, A) = &0, A)(/i - 2), /ic(-z, A) = c(s, A) (ft + 2), 

(107) 

R^\ Zl - 22, A - ih)U x \z x , A)L^ 2 , A - 7 ft«) (108) 

= Z( 2 )(^,A)L( 1 )(z 1 ,A- 7 /i (2) )i? (12) (A 

Proof. We have 

A) = <p{\ - 7 / i (2) ) J R + (^, A)^(A - ih {1) )-\ 

and 

1(2, A) = <p(X - lh)L(z, X)(f(X - -fh^)- 1 ; 

Substitute these expressions in (99); simplifications show that the R(z, A) 
and L(z, A) satisfy (108). □ 
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Remark 9. The formulas of Lemma |8.1| only use functions of T\ 
although their proof uses the extension to T\ji [[7]] . □ 

Remark 10. In the determinant is defined by the formula 



9(X) 

Det ^' A ) = gjx - 7 h) ^ Z + 7 ' X ^ Z} X + ^- l ( z + T. A)c(^, A + 7)). 

This formula is equivalent to the first equation of ( |100| ), as one sees by 
inserting the expressions for a, . . . , d in terms of a, ... ,d and using the 
identity 

<p(X — ■yh)ip(X — 7/1 + 7) 9(X — 7/1) 
^(AMA + 7) 6(X) ■ 

Remark 11. By tensoring them with 1-dimensional representations, we 
can view the evaluation representations studied in [|16|] as representa- 
tions of the factor algebra introduced in this paper by the relation 
Det(z, A) = 1. After expansion in series in rj = 7/2, the formulas 
defining the evaluation representations of |1(J only have singularities 



for XeLotz — wEL. The effect of the tensoring with 1-dimensional 
representations is to multiply the matrix L(w,X) by a function g z (w) 
satisfying 

v , v 9(z — w + (A — 1)77) 

9z(w + j)g z (w) = ^ ' , r/ = 7 /2; 

0(,z — w — (A + IJ77) 

this equation can be solved in a similar way to that for <p, and we will 
find for g z (w) a formal series in 7 with coefficients functions of z — w 
with only singularities for z — w G L. 

Therefore the final representations can be viewed as representations 
of the algebras E T)V (s\>i), provided w is considered as a formal variable 
at the origin (as it is the case in [fTTH). 

9. Quantum currents for E Tjri (sl 2 ) 

Theorem 9.1. There is a morphism \l/ from EV^s^) to U%Qo{t), de- 
fined by the formulas 

V(h) = h, 

*(a(z, A)) = M{h)ft^ lh {z)k + {z)- l et x {z) + k + (z - h) 

(109) 

¥(&(*, A)) = W/t^)^)- 1 (HO) 
A)) = k + (z)~\ *(c(z, A)) = hk + {z)- l et x {z), 

(HI) 
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Proof. Let us first show that these formulas are generating series for 
images of the a^, b{, Cj, di, i > 0. For this, we note that their right-hand 
sides are holomorphic functions on (C — L) 2 with values in UhQoij), 
1-periodic in z and A and with the quasi-periodicity properties in z and 
A described by ( |101| ). For the periodicity properties in z, this follows 
directly from (151), the equations 

k+(z + 1) = k + {z), k + {z + t)= e in ~ fh k + {z), 

which are proved in the same way as ([4*4]), and the commutation rela- 
tions between h and the e^(z), f\(z). 

By Thm. O, W(a(z, A)), *(6(z, A)), #(c(z, A)) and #(d(z, A)) satisfy 
the relations (99). Finally, one computes that the image by \& of the 
middle term of equation (|100|) is equal to 1. This ends the proof of the 
theorem. □ 

Remark 12. Since ty(d(z,\)) is independent of A, it should be clear 
that \l/ is not injective. □ 



Remark 13. There is an algebra morphism from the tensor product 
£™(s[ 2 )®Diff (C-L) to £ T ^(s[ 2 )® 2 ®Diff(C-L); the formulas for it 



are A(L(*, A)) = L^ 13 \z - 7/1^, A)L (23) (,2, A). It would be interesting 
to understand better the relation of this formula with (|89]). □ 



Remark 14. Relations (j96|) and (97) suggest to define double elliptic 
quantum groups generated by the matrices L^lz, A), the derivation D 
and the central element K, with the following functional properties: 
the L ± (^, A) are holomorphic functions in the variable A G C — L; 
L + (z, A) also depends holomorphically on z e C — L, and L~~(z, A) is 
a a regular power series in z; the periodicity conditions for ^(z, A) in 
A are the same as those for L(z, A), and the periodicity conditions for 
L + (z,X) in z are the same as those for L(z); and satisfying relations 
(97) and [D, L^z, A)] = dL ± (z,X)/dz. This algebra should be, 
as it is the case for £? Ti7? (s[ 2 ) with respect to f/^0o(r), somewhat larger 
than U h g(r). 
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